Expansions of ^3 When the Upper Parameters Differ by Integers 
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In this article three expansion formulas for a generalized hypergeometric function 4.F3 are derived, 
when its upper parameters differ by integers. Though the results are special cases of a general 
continuation formula for p F q , they are sufficiently general and unify a number of known results. 



1. Introduction 

In many problems arising in physical sciences and statistics, hypergeometric functions, 
in logarithmic applicable, which is known from the monograph of Mathai and 

Haubold [4] and Mathai [3] , etc. A detailed account of such applications is available from the 
two monographs by Mathai and Saxena [5], [6]. Expansions of the Gauss's hypergeometric 
functions in logarithmic cases are given in the monograph of Erdelyi et al. [1]. 

In a series of papers by Saigo et al. [9] - [25] , numerous properties have been investigated 
which exhibits the behaviour of generalized hypergeometric functions near the boundaries 
of their regions of convergence of series defining these functions. In deriving some of these 
results, the expansions of Gauss's hypergeometric function in logarithmic cases given in the 
monograph by Magnus et al. [2] are used. 

The object of this article is to derive three expansions of a generalized hypergeometric 
function aF^{-), when the upper parameters differ by integers. Though the results established 
in this article are special cases of a general continuation formula for p F q [7, Entry 78 in §7.2.3], 
yet they are sufficiently general in nature and unify a number of known results in literature [1, 
p. 63], [27, pp. 41-43], etc. Further the results are obtained in a neat and compact form which 
may be used in investigating the asymptotic behaviour of the generalized hypergeometric 
functions. 

From [8, p. 101], we know that the generalized hypergeometric function 4-F 3 (-) has the 
following Mellin-Barnes integral representation 
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where the contour £ is of Barnes type, extending from — ioo to +ioo in the £-plane, curving if 
necessary, such that the poles of gamma functions r(di + £), r(a 2 +£), r(a 3 +£) and r(d 4 + £) 
lie to the left of the contour and the poles of 
r(— £) to its right. 

In what follows to, n and p are non-negative integers and the notation 
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is employed. 

The proofs of the results in §2 - §4 can be developed by an appeal to the calculus of 
residues and following a procedure described in [5]. 



2. First Expansion 

We establish first the formula when two of the upper parameters differ by integers: 
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TO — I/, d 3 — di — I/, d 4 — di — I/, di + f 
61 — di — Z/, 6 2 — di — I/, 63 — di — 1/ 

di + I/, d 3 — di — V, d 4 — di — V 

61 — di — z/, 6 2 — di — V, 63 — di — V 



[A + \og(-z)}, (2.1) 



where to is a non-negative integer, a± 7^ 0, —1, —2, • • • ; | arg(— z)| < n; 

A = ty{y + 1) + i]){v + 1 — to) + ^(03 — d! — z/) + ^( a 4 — di — z/) 

ip(ai + v) - *0(6i - di - z/) - ^(6 2 - di - v) - ip(b 3 - di - z/); 
and ^(z) = d{logr(;z)}/d;z. 



(2.2) 



For d 4 = 63 and d 3 = 6 2 , the equation (2.1) gives rise to a known result for the Gauss 
function 2 F\ [1, p. 63]. 



3. Second Expansion 

When three of the upper parameters differ by integers, there holds the formula: 
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B 2 + B' + 2\og(-z)B + {\og(-z)} 2 , (3.1) 



where m and n are non-negative integers a±, a± + m 7^ 0, —1, —2, • • •; and | arg(— z)\ < n; 

9 = tp(v + 1) + i]){v — m + 1) + ip(m + n — v) — ip(a 2 — a\ — u) 

—ip(ai + v) - ^(fei -cl-l-v)- ip(b 2 - ai - v) - ip(b 3 - a x - v)\ (3.2) 

B = 9 + - m -n + 1) - i/j(m + n - v); (3.3) 
B' = 3^(1) + 3C(2, 1) - C(2, v + 1) - C(2,i/ - m + 1) - C(2, u - m - n + 1) 
—ip'(a 2 — ai —u) + ip'(ai + 1/) 

-^'(6i - ai - 1/) - ^'(62 - ai - 1/) - ^'(63 - ai - 1/). (3.4) 
Here £(•, •) is the generalized Zeta function defined by 



c( S ,*/) = E(^+™r s > 1/^0,-1,-2, 



(3.5) 
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For a detailed account of generalized Zeta function C( s , the reader is referred to the 
monograph by A. Erdelyi et al. [1]. 



4. Third Expansion 

When four of the upper parameters differ by integers, the following result holds: 
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■ (E 3 + 3E'E + E") + 3 \og{-z){E' + E 2 ) + Z{\og(-z)} 2 E + {log(-z)} 3 J , (4.1) 
where m, n andp are non-negative integers, a±, ai+m, ai+m+n 7^ 0, —1, —2, • • • , | arg(— z)\ < 



IT. 



C = ip(is + 1) + i){y — m + 1) + ip{m + n — is) + ip(m + n + p — is) — ip(ai + is) 

- ai - is) - ip(b 2 -ai-v) - ij(b 3 - ai - is); (4.2) 
D = C + i/j(is -m-n + 1) - ip(m + n - is); (4.3) 
D' = 3^(1) + 3C(2, 1) - C(2, v + 1) - C(2, 1/ - m + 1) - C(2, v-m-n + 1) 

—%l)'{m + n + p — is) + V ; '( a i + z/ ) 

- ai - v) ~ ^(62 - ax - 1/) - ^'(6 3 - ^ - z/); (4.4) 
E = D + i])(y — m — n — p + 1) — ip{m + n + p — is); (4.5) 
E' = D' + + C(2, 1) + ^'(m + n + p - is) - C(2, is - m - n - p + 1); (4.6) 
£" = 2 [2^"(1) + 4C(3, 1) - C(3, is+1)- C(3, 1/ - m + 1) 

— C(3, z/ — m — n+1) — £(3, z/ — m — n — p+1)] 
-^"(ai + z/) - ^"(61 - ax - 1/) - i)'\b 2 - ai -is)- ^"(63 - «i - f). (4.7) 
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Remark 1. It may be mentioned here that the results given earlier by Saxena and 
Kalla [26, pp.41-43] follow from (2.1) and (3.1). 

Remark 2. Though the formulae (2.1), (3.1) and (4.1) are special cases of a general 
one for p F q listed in [7, §7.2.3.78], they are still sufficiently general and unify known results 
in [1, p.63], [27, pp.41-43] etc. 
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